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Abstract
Equations of motion and the lagrangian are derived explicitely for Dual D=10,
N=1 Supergravity considered as a field theory limit of a Fivebrane. It is used
the mass-shell solution of Heterotic String Bianchi Identites obtained in the 2-
dimensional σ-model two-loop approximation and in the tree-level Heterotic String
approximation. As a result the Dual Supergravity lagrangian is derived in the
one-loop Five-Brane approximation and in the lowest 6-dimensional σ-model ap-
proximaton.
1 Introduction
There are two kinds of parameters, characterising the heterotic superstring field-theory
limit. The first parameter is the string-tension α′ which enters into the σ-model lagrangian,
corresponding to the superstring tree-level:
LHS = − 1
2πα′
∫
d2ξ
(
1
2
√−γγij∂iXm∂jXngHSmn (X)+
+
1
2
ǫij∂iX
m∂jX
nBmn(X) + . . .
)
(1)
Here α′ is the σ-model loop expansion parameter, R(2)-is the 2-dimensional curvature.
The Type I supergravity lagrangian that follows from (1) in the field-theory limit takes
the form:
LSG =
√
−gHS
2k2
exp(−2ϕ)(R + 8(∂nϕ)2 + 1
12
K2mnp + . . .) (2)
Here k2 is the Newton gravitational constant, ϕ is the dilatonic field, R is the curvature
scalar. All the entries in (2) are calculated in terms of string metric: gHSmn = exp(ϕ/2)gmn,
where gmn is a canonical metric tensor; K is the 3-form axionic gauge-field, corresponding
to the 2-form potential B in (1):
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K = dB + 2α′(ΩG − ΩL) (3)
where ΩG and ΩL are Chern-Symons (CS) 3-form terms, corresponding to the gauge-group
(G) and Lorentz O(1, 9) group (L).
The second parameter of the Heterotic String theory is ∼ k2/α′. It is the string loop
expansion parameter. The general form of the supergravity lagrangian in the superstring
field-theory limit takes the form in terms of string metric [1]:
LSG =
√
−gHS
2k2
exp(−2ϕ) ∑
l=1,2...
∑
L=0,1,...
LL,l−1
LL,l−1 = aL,l−1(α
′)l−1
(
2 k2
exp(−2ϕ)(2π)5α′
)L
Rl+3L + . . . (4)
Here L -is a number of string loops, l is a number of σ-model loops. The value L = 0
corresponds to the (classical) heterotic string tree-level.
We keep only terms with curvature in (4). Terms with the gauge-field appear in a
series of similar structure. To obtain the generic structure of all the terms one must keep
in mind the dimensions (in mass units): dim(α′) = −2, dim(k2) = −8.
Note that terms, which are presented in (2) correspond to all the bosonic contributions
at l = 1 and L = 0 level. The CS-terms in (3) take into account the (anomaly cancelling)
l = 2 contribution [2].
Now we turn to the fivebrane. In the σ-model limit it is described by the lagrangian:
LFB = − 1
(2π)3β ′
∫
d6ξ
(
1
2
√−γγij∂iXm∂jXngFBmn (X)+
+
1
6
ǫj1...j6∂j1X
m1 . . . ∂j6X
m6Cm1...m6(X) + . . .
)
(5)
Here β ′ is the fivebrane σ-model loop expansion parameter. It is expected, that the dual
supergravity lagrangian that follows from (5) is dual to (2) and takes the form:
LDSG =
√
−gFB
2k2
exp(2ϕ/3)(R+
1
2 · 7!M
2
n1...n7
+ . . .) (6)
Here M is the 7-form gauge field, corresponding to the 6-form potentials C in (5)
and dual to K. All the entities in (6) are calculated in terms of the fivebrane metric:
gFBmn = exp(−ϕ/6)gmn. The M-field is defined by:
M = dC + β ′X7 (7)
Here X7 is the Chern-Simons 7-form, containing curvatures and connections of G and
O(1.9)-groups [3], [4].
The general structure of dual supergravity lagrangian takes the form [1]:
LDSG =
√
−gFB
2k2
exp(2ϕ/3)
∑
l′=1,2...
∑
L′=0,1,...
L′L′,l′−1
2
L′L′,l′−1 = a
′
L′,l′−1(β
′)l
′−1(
2 k2
exp(2ϕ/3)(2π)5β ′
)L
′
RL
′+3l′−2 + . . . (8)
Here 2 k2/ exp(2ϕ/3)(2π)5β ′ is the fivebrane loop expansion parameter, but l′ and L′ are
interpreted as numbers of 6-dimensional σ-model loops and fivebrane loops respectively.
The value L′ = 0 corresponds to the (classical) fivebrane tree-level.
In (6) all the terms are kept, that correspond to the l′ = 1, L′ = 0 level. But the
CS-terms in (7) take into account l′ = 2, L′ = 0 contribution.
The discovery of the heterotic string - fivebrane duality [5], [6], [7] leads presumably to
the equality of two series (4) and (8). There is the relation between expansion parameters
in these theories [1]:
β ′ =
2k2
(2π5)α′
(9)
This relation makes it possible to establish term-by-term correspondence between (4) and
(8). That leads to the statement:
aLl = a
′
L′l′, L
′ = l − 1, L = l′ − 1 (10)
It means that σ-model loop expansion in the heterotic string case reproduces the loop ex-
pansion in the fivebrane theory; the loop expansion in the heterotic string case reproduces
the σ-model expansion in the fivebrane theory.
Then the String/Fivebrane symmetric form of effective lagrangian follows from (9)
and (10) (in terms of canonic metric):
LS/FB =
√−g
2k2
∞∑
L=0
∞∑
L′=0
aLL′(α
′)L
′
(β ′)L exp(ϕ(L− L′)/2)R3L+L′+1 + . . . (11)
It is not simple to check independently this beautiful statement, because fivebrane the-
ory has not quantized. Moreover, even the consisent supersymmetric fivebrane lagrangian
has not yet constructed.
We hope, that the supersymmetry might present additional insight to the problem. We
calculate in the present paper, accepting the picture described above, the supersymmetric
one-loop corrections to the dual supergravity lagrangian from the second-loop σ-model
corrections in the Type I D=10, N=1 supergravity, considered as the field-theory limit of
heterotic superstring.
We get: 1) the supersymmetry transformations, 2) the explicitely supersymmetric
equations of motion, and 3) the supersymmetric lagrangian for the fivebrane at the l′ = 1,
L′ = 1 level in the field-theory limit (that corresponds to the dual supergravity with
specific loop corrections). 5
It is interesting in the framework of described approach to obtain all the one-loop
supersymmetric heterotic string corrections from the calculation of ∼ β ′ terms in the dual
supergravity. It is a problem for the future.
The dual supergravity lagrangian obtained in the present paper corresponds to the
supersymmetrised version of ∼ α′ anomaly cancelling Green-Schwarz (GS) corrections
5As for lagrangian, we are able to present all the bosonic terms. The fermionic terms are too compli-
cated to be presented explicitely. It is a technical problem because one can construct any desired term
using the described procedure
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[2] to the simple (lowest α′-order) D=10, N=1 supergravity considered in [8]. (That
corresponds to the l = 2, L = 0 level of heterotic string expansion). The problem with
the standard supergravity is that ∼ α′ corrections can be made supersymmetric only in
the same ∼ α′ order. For complete supersymmetrisation one must take into account the
infinite number of terms ∼ α′n, (n = 1, 2, . . .), containing the axionic field and dictated
by supersymmetry. Situation is different in the dual supergravity. If the same corrections
are expressed in terms of fivebrane variables - the result becomes exactly supersymmetric
in the order ∼ α′ , i.e. the infinite series in α′ is transformed to the finite number of terms
in the case of dual supergravity. That means at least that the relation (10) can not be
applied directly to terms containing axionic field.
The supersymmetric completion of the standard supergravity (Type I SUGRA) with
the GS correction ∼ α′ has been realized at the mass shell in papers [9], [10], [11] (see
[12] for more complete list of references). The lagrangian has not been constructed but
it becomes clear, that it contains terms ∼ R2 and an infinite number of terms ∼ α′qKp,
q ≥ 1, p ≥ 3. Several terms of lowest order were found in [13].
The connection between standard and dual supergravity in the superspace approach
was mentioned in [14] where explicit calculations were not presented. The iterative scheme
for dual transformation in the component approach was suggested in [15].
Few words about notations. (See Appendix 1 for details). This study is made in
framework of the superspace approach and our notations in general correspond to [16]
(with the change of overall sign in metric signature). The short version of this study was
presented in [17] and notations here correspond in general to that paper (small differences
are self-evident or explained in the text).
We use the computer program ”GRAMA” [18] written in MATHEMATICA for ana-
lytical calculations in supergravity.
2 Gravity Sector
We start from the derivation of geometrical equations of motion which are applied equally
for usual and dual formulation of supergravity at least for the case α′ 6= 0, β ′ = 0, which
is the main approximation accepted in the following. We use:
1) Geometrical Bianchi Identities (BI’s) for the supertorsion TBC
D:
D[ATBC)
D + T[AB
Q T|Q|C)
D −R[ABC)D = 0. (12)
Here and in the following R... means the supercovariant curvature (calculated with the
torsion full spin-connection).
2) The set of constraints [19], [20]:
Tαβ
c = Γcαβ , Taβ
γ =
1
72
(XˆΓa)β
γ
, (13)
where Xˆ ≡ XabcΓabc. The other nonzero torsion components are: Tabc ≡ ηcdTabd (here Tabc
is a completely antisymmetric tensor) and Tab
γ. Furthemore Xabc = Tabc/72 as it follows
from (12).
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2) Commutation relations for supercovariant derivatives DA:
(DADB − (−1)abDBDA) VC =
= −TABQDQ VC −RABCD VD − (FAB VC − (−1)c(a+b)VC FAB), (14)
where VC is a vector superfield, FAB is a gauge field which is in the algebra of internal
symmetry group G, the supercurvature RABCD differs in sign in comparison with [20].
We introduce ”by hands” the dilatino superfield φ and use:
3) The most general representation for spinorial derivative of the dilatino χ-superfield
(χα ≡ Dαφ):
Dαχβ = −1
2
ΓfαβDfφ+ (−
1
36
φTabc + α
′Aabc) Γ
abc
αβ , (15)
where Aabc is an arbitrary completely antisymmetric superfield, which is determined later
in terms of torsion and curvature, when the axionic superfield Bianchi Identities will be
considered. It will be clear later, that the Aabc-field contribution as defined in (15) is
really proportional to α′.
The complete set of additional constraints and equations of motion for superfields of
the supergravity multiplet were derived from (12)-(15) in [20], see also [19]. They are
presented in Appendix 2. These equations are transformed into equations for usual fields,
if one calculates spinorial derivatives of Aabc-superfield in terms of torsion and curvature
(see below), and takes zero superspace components. (In the following we use the same
notations for physical fields and corresponding superfields in the cases when it can not
lead to a confusion).
3 Gauge Sector
The derivation of gauge matter fields equations is the standard procedure in the superspace
approach. (For example see [9], [22] and references therein). We present here some basic
results (see [23]).
The Bianchi Identities for the gauge superfield FAB are:
D[AFBC) + T[ABQ F|Q|C) ≡ 0, (16)
where FAB ≡ FJABXJ , where (XJ)ij are anti-hermitean matrices - generators of G.
We use the different notations Fab and Fab for the supercovariant and usual tangent-
space components. (The connection see below). To solve (16) on the mass-shell the
following constraint is needed:
Fαβ = 0 (17)
Then, one can derive equation of motion in the form:
ΓaDa λ+
1
12
TabcΓ
abc λ = 0, (18)
DaFab + TbaΓa λ+ 2 λΓb λ = 0. (19)
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where λ is a gaugino superfield:
Fbα ≡ (Γb λ)α (20)
(We do not write spinorial indices explicitely in cases, where their position can be recon-
structed unambiguously).
The spinorial derivatives of λ and Fab- superfields also follow from (16), (17) (see
Appendix 3).
4 The 3-form Axionic-Field Sector
The superspace Bianchi Identities for the axionic field take the form:
D[AHBCD) +
3
2
T[AB
QH|Q|CD) =
= 3α′
(
tr [R[ABRCD)]− tr[F[AB FCD)]
)
(21)
The constraint is:
Hαβγ = 0 (22)
The 3-form K -field, considered in the Intoduction is connected with the H-superfield by
the relation:
Kmnp = Ep
CEn
BEm
AHABC | (23)
Here Kmnp ≡ ecpebneamKabc.
The mass-shell solution of (21) which is compatible with (12) - (15) can be obtained
using the standard procedure [10], [9], [24] (see also [22]). We find nonzero components
of HABC-superfield in the form:
Hαβa = φ (Γa)αβ + α
′Uαβa , (24)
Hαbc = −(Γbc χ)α + α′Uαbc, (25)
Habc = −φ Tabc + α′Uabc (26)
The dilaton field φ is defined by eq. (24). Then the Bianchi Identity (21) defines how
it ”penetrates” in all the other H-field components. In particular, χ = Dφ in (25) as a
consequence of Bianchi Identities, etc.
The Uαβa- and Uαab-superfields do not contain the contribution from gauge fields. The
Uαβa is determined in the following form (Ua denotes the matrix Uαβa,):
Ua =
(
−14
9
T 2ab +
2
27
ηab T
2
)
Γb+
+
(
− 2
27
TaijTklm − 1
9
ηaiDjTklm − 1
9
ηaiT
2
jklm
)
Γijklm (27)
The term ∼ Γa in Ua does not fixed by Bianchi Identities (BI’s). As it follows from
(24), the redefinition of such a term leads to the redefinition of the dilatonic field. Our
choice in (27) is different from that in [17], namely: φ |ref [17] → (φ + (2/27)T 2). That
leads to simplification of final results.
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Any contribution of the form ∼ θaijklmΓijklm, where θaijklm is a comletely antisymmet-
ric tensor, does not fixed by BI for the Haαβ . Such a contribution is defined unambiguosly
by BI for the Hαbc.
The Uαab-field is equal to (Uab denotes the Uαab):
Uab = 4Γi[aD
iLb] +
2
3
LiTabi +
(
7
18
Γijk[aLb]−
−1
3
Γab
ijLk +
2
3
Γij [aTb]
k +
2
9
ΓijkTab − 2
3
Γab
iT jk
)
Tijk+
+
(
−1
2
ΓijL[a − 4
3
Γ[a
iLj − 20
3
ΓiT j [a +
8
3
Γ[aT
ij
)
Tb]ij (28)
The Uabc-field is equal to:
Uabc = U
(grav)
abc + U
(gauge)
abc (29)
where the gauge-field contribution is:
U
(gauge)
abc = −tr(λΓabc λ) (30)
but the gravity-field contribution is:
U
(grav)
abc = −2D2Tabc − 6DiT 2i[abc] − 6 T ij [aDbTc]ij − 6Rij [abTc]ij−
−6Ri[aTbc]i + 4 T 3[abc] − TijΓabcT ij − 12 Ti[aΓbTc]i−
− 6 T[abLc] − LiΓabcLi − 12L[aΓbLc] (31)
These superfields were discussed earlier in [9], [10], [24] using another parametrization
( another set of constraints).
The A-superfield in (2.4) is also defined unambiguously from the (2.2)-component of
the Bianchi Identity (21) (the (p, q)-component of a superform contains p bosonic and q
fermionic indices). We get:
Aabc = A
(grav)
abc + A
(gauge)
abc (32)
where
A
(gauge)
abc = −
1
24
tr(λΓabc λ) (33)
and
A
(grav)
abc = −
1
18
D2Tabc +
1
36
DiT 2i[abc] − 1
36
T ij [aDbTc]ij − 5
1944
T 2Tabc−
− 5
108
T 2i[aTbc]
i +
5
54
T 3[abc] −
1
3888
ǫabc
ijklmnpTijk
(
DlTmnp +
5
2
T 2lmnp
)
− 1
24
TijΓabcT
ij − 1
48
LiΓabcL
i +
1
2
L[aΓbLc] (34)
The Aabc-superfield is a solution of eq.’s (A2.9), (A2.10’). That provides a good check of
the result.
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Now we are ready to discuss equations (A2.1)-(A2.6) in terms of fields from the su-
pergravity multiplet. One must use for this purpose the expression of Tabc in terms of
Habc-field. This expression follows from (26) as a perturbative series in α
′. By this way
one obtains equations of motion as a series in α′. All the spinorial derivatives from the
Aabc-field can be calculated in terms of fields of supergravity multiplet in the desired (zero)
order in α′ using exact relations from Appendix 3. The supersymmetry transformations
also presented as a series in α′ in this case. The lowest ∼ (α′)0-order corresponds to the
supergravity by Chapline-Manton [8]. The next ∼ α′-order was considered explicitly at
the mass-shell by Pesando [11] using results from [9], [10]. The lagrangian in the α′ order
has not been constructed. (Unfortunately, because of differences in parametrization and
some differences in the approach we are not able to use intermediate results from [11]).
Calculations in the highest orders become tremendously cumbersome. But, it seems
inconsistent to consider terms ∼ (α′)p p ≥ 2 because terms ∼ (α′)2 of σ-model loop
expansion were not taken into account.
We don’t consider approximate equations of motion for standard supergravity in the
∼ α′-order, because this program will be realized exactly (without any expansion in α′)
for the dual supergravity in the next section . Then it will be a simple algebraic problem
to come back to the usual Type I supergravity case, making the dual transformation (see
below).
In spite of a complicated structure of H-field equations that follow from (21), (22),
one can make a useful check of the procedure. Note, that eq. (A2.5) must be interpreted
as the H-field Bianchi Identity. So it must coincide with the (4,0)- component of (21).
We have checked that is really the case.
Namely, one can easily prove, that the difference between (A2.5) and the (4,0) com-
ponent of (21) is equal to the (4,0)-component of the superform identity [9]:
DU (grav) + V = trR2 (35)
where U
(g)
(0.3) = V(0.4) = V(1.3) = 0. The components V(2,2), V(3,1) can be easily calculated
from (21). Equation (35) is identically satisfied for (2,2), (1,3), (0,4) components be-
cause it is reduced exactly to that used for definition of A and U (grav)-superfields. Then
equations corresponding to (4.0), (3.1)-components follow identically by algebraic manip-
ulations from the equations corresponding to (2,2), (1,3), (0,4)- components (cf. [9]).
One more remark is helpful for the following. All the relations in the theory under
consideration are invariant under the scale transformation [25], [4]:
Xj → µqj Xj (36)
where Xj is an arbitrary field, qj is a numerical factor, µ is an arbitrary common factor.
It is a classical symmetry, because the lagrangian is also transformed according to (36)
with q 6= 0.
We present in the Table 1 the transformation rules for different fields (the numerical
factors in the table are the values of qj for each field):
8
Table 1
φ −1 Tabc −1/2 T γab −3/4
eam 1/2 Habc −3/2 ψγa −1/4
Da −1/2 Nabc −1/2 χ −5/4
Dα −1/4 Aabc −3/2 Rabcd −1
Fab −1 λ −3/4 L −2
Now we come to consideration of dual supergravity.
5 The 7-form Axionic-Field Sector
One can interpret the same equations (A2.1)-(A2.6) in terms of the 7-form graviphoton
superfield NA1...A7. The Bianchi Identity for such a field takes the form:
D[A1NA2...A8) +
7
2
T[A1A2
QN|Q|A3...A8) ≡ 0 (37)
We don’t introduce the term ∼ β ′(DX7) in the r.h.s. of eq.(37) according to the discussion
in Introduction. (Note, that such a term breaks the scale invariance (36)). It is an
additional indication that contribution ∼ β ′ corresponds to loop corrections in the usual
supergravity). The following nonzero components provide the mass-shell solution of (37)
which is consistent with (12)-(15):
Nαβa1...a5 = −(Γa1...a5)αβ , (38)
Nabc = Tabc , (39)
where Nabc is defined by:
Nabc ≡ 1
7!
εabc
a1...a7 Na1...a7 (40)
Note the connection between the supercovarian N -field and the M-field discussed in the
Introduction:
Mn1...n7 = En7
A7 . . . En1
A1NA1...A7 | (41)
Here Mn1...n7 ≡ ea7n7 . . . ea1n1 Ma1...a7 .
It is important, that the solution (38), (39) is valid for any Aabc-field, in particular for
that, derived in usual supergravity (see eq. (32)).
Using (39) in the equations of Appendix 2 and defining the A-field according to (32),
with the substitution (39), we get the mass-shell description of dual supergravity in a
closed and relatively simple form (as opposed to the usual supergravity case!).
Using (39) in the eq. (26) we get the duality relation between the Habc and Na1...a7-
superfields:
Habc = −φNabc + α′ Uabc|Tijk→Nijk (42)
where Uabc is defined in (29)-(31).
Now we come to the detailed study of equations of motion and to the lagrangian
construction in the dual supergravity.
9
6 Lagrangian for Gauge Fields
One must change variables in eq.’s (18),(19) from the supercovariant to usual one’s with
help of the relations (A1.1)-(A1.10). In particular, the relation (A1.10) is important (it
follows immediately from (39) and definition of the M˜abc-field in eq.(A1.5) and (41)). The
resulting equations take the lagrangian form and the corresponding lagrangian is equal to
(compare with [26], [15]):
e−1 L(gauge) = 1
g2
tr
[
1
4
Fba F
ba − 1
8 · 6! ε
a1...a10 Ca1...a6 Fa7a8 Fa9a10−
−λ ∇ˆλ+ 1
24
λ ˆ˜M λ− 1
2
λΓa Fˆ ψa−
−(λΓb ψa) (λΓa ψb) + 1
2
(λΓb ψb)
2 +
1
2
(λΓa ψb)
2
]
, (43)
Here the gauge-field coupling constant g is introduced. Eq. 43 disagrees with [26] in some
terms of fourth order in fermions.
To find the value of g2 in terms of α′, one must consider the gauge-field contribution in
the supergravity-multiplet equations of motion presented in (A2.1)-(A2.6). This contri-
bution resulted from the A
(gauge)
abc -superfield (see (33) and it’s spinorial derivatives). Just
the same contribution one must obtain, making the variation of L(gauge) over the fields of
gravity multiplet. The comparison of these contributions makes it possible to find g2 and
to establish linear combinations of equations (see below relations (48) -(50)) that follow
from the lagrangian. It is sufficient to put A
(grav)
abc = 0 at this stage. We get:
α′ = − 1
4 g2
(44)
This relation follows from the consideration of gauge matter contribution to the graviton
and (independently) gravitino equations of motion.
7 Zero Order Lagrangian for Gravity
It is instructive now, as a first step, to discuss the gravity-part of a total lagrangian in
the limit α′ → 0 starting from equations (A2.1) - (A2.6). It is possible to write this
lagrangian in a simple form [27], which follows from the linearity in φ and χ -fields of the
equations from Appendix 2:
e−1 L(grav)0 = φ (R−
1
3
T 2) |+ 2χΓabTab | (45)
The symbol | means as usual the zero superspace-component of a superfield. The complete
explicit result for L(grav)0 as derived in [27] takes the form:
e−1 L(grav)0 = φR−
1
12
φ M˜2abc − 2φ;aψaΓbψb + 4ψaΓabχ; b+
10
−2φψaΓabcψc; b + 1
12
φψaΓ
[a ˆ˜MΓb]ψb − 1
2
χΓabψcM˜abc−
− 1
48
φ (ψdΓdabcfψ
f)
2
+
1
4
φ (ψaΓbψc)
2 +
1
2
φ (ψaΓbψc)(ψaΓcψb)−
− φ (ψaΓbψb)2 + (χΓabψc)(ψaΓcψb)− 2 (χΓaΓbψb)(ψaΓcψc) (46)
Up to field redefinitions it is the lagrangian obtained in [28], [4], [26]. Now we are ready to
establish the relation between standard variables (see Introduction) and that used in the
superspace approach. In particular: φ = exp(2ϕ/3), k2 = 1/2. The change of variables
to the primed ones, that transforms (46) to the canonical form, is defined by:
eam = φ
−1/8 eam
′
χ = − 2
3
√
2
φ17/16 χ′ ψm =
1
2
φ−1/16 (ψm
′ − 1
6
√
2
Γm
′ χ′) etc. (47)
The variation of L(gauge) + L(grav)0 with respect to the gravitino field ψm produces the
equation (see Appendix 2 for notations):
Qa + ΓaQ = 0. (48)
The variation of the same object with respect to the axion field Cm1...m6 produces the
equation:
Sabcd + 3ψ[a ΓbcQd] = 0. (49)
The variation with respect to the graviton field eam produces the equation:
Sab + ηab (
1
2
B − S)− 2ψ(aQb) − 1
2
ψcΓabQc − ψcΓc(aQb)−
− 1
2
(ψcΓcab + 2ψaΓb)Q− ηab ψcΓcQ− 1
2
ηab Tr(λΛ)− 1
4
Tr(λΓabΛ) = 0. (50)
Here B ≡ −φ(R − 1
3
T 2), but Λ ≡ (∇ˆλ + . . .) = 0 is the l.h.s. of the gaugino equation
(18). The variation with respect to the dilaton φ and the dilatino χ-fields produces the
constraints (A2.7), (A2.8).
Calculating Γa projection from (48) one immediately obtains Q = 0, and then Qa = 0.
So, Sabcd = 0 as it follows from (49). Contracting a, b indices in (50) one obtains S = 0,
and then Sab = 0. So, all the equations (A2.1)-(A2.5) follow from (48)-(50). (Equation
(A2.6) is equivalent to the Bianchi Identity for the M-field).
Now we come to consideration of α′ contributions in pure gravity sector and to the
construction of total lagrangian.
8 Total Lagrangian
The supersymmetric lagrangian of dual supergravity takes the form
L = L(gauge) + L(grav) (51)
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where:
L(grav) = L(grav)0 + α′L(grav)1 (52)
Now we are interested in the last term in (52). It is a property of our parametrization
that L(grav)1 does not depend on φ and χ fields. It means that the scale invariance (36)
greatly simplify the possible structure of this term.
We consider the bosonic part of L(grav)1 which contain 12 possible terms 6:
L(grav)1 =
12∑
i=1
xi Li + fermions (53)
where xi are numbers to be determined by comparison with equations (A2.1)-(A2.6), but
Li are presented in the Table 2.
Table 2
i Li i Li i Li
1 R2 5 (M˜2)R 9 M˜abc;d(M˜2)abcd
2 R2ab 6 (M˜
2)abR
ab 10 (M˜2)2
3 R2abcd 7 (M˜
2)abcdR
abcd 11 (M˜2)2ab
4 ε0...9R01bcR23
bcC4...9 8 M˜
abc∇d∇dM˜abc 12 (M˜2)abcd (M˜2)acbd
where (M˜2)ab = M˜
cd
a M˜bcd and (M˜
2)abcd = M˜
f
abM˜cdf .
Now we come to the determination of xi in (53). All the terms, containing M˜abc-field
can be reconstructed with the help of the following simple procedure. As was discussed
before, eq. Sabcd = 0 is equivalent to the (4,0)-component of the H-field Bianch Identity,
which (dropping spinorial terms) takes the form:
D[aHbcd] +
3
2
T[ab
f H|f |cd] =
= 3α′
(
R[abefRcd]fe − tr[F[abFcd]]
)
(54)
Changing notations to the covariant derivative ∇a, to the standard curvature Rabcd an to
the gauge-field Fab, one can write (54) in the form:
(
H[abc − 3 Tij[aRbcij + 3
2
Tij[a;bTc
ij +
1
2
Tij[a(T
2)bc
ij
)
; d] =
= 3α′
(
−R[abijRcd]ji + tr [F[ab Fcd]]
)
(55)
Here ; d denotes the covariant derivative ∇d.
Then one can use (42) and relations from Appendix 1, writing everything in terms of
M˜abc-field. After that the terms in the lagrangian, containing the M˜abc-field, are immedi-
ately reproduced from the l.h.s. of (55) which has the desired form of complete derivative.
The terms ∼MR2 and ∼MF 2 are reproduced from the r.h.s. of (55).
To check the result and to obtain another terms in the lagrangian, one needs the
explicit form of equations in Appendix 2. So, one must calculate the first and second
spinorial derivatives from the Aabc-field. We have done this calculation. See the result
6K.N.Zyablyuk, unpublished
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in Appendix 4. We are able to present explicitly the dilaton equation (in the complete
form) and the graviton equation with bosonic field contributions only.
Such a calculation is possible only with the help of a computer. We use the program
”GRAMA” written by us in ”MATHEMATICA” environment which makes it possible to
perform calculations effectively using the PC-486 with RAM=16 Mb.
One can obtain terms, containing M˜ -field and other terms∼ R2 in (53) by the following
way. Calculating the variation of L(grav) over the graviton field one must get the equation
(50). Contracting indices a, b one gets the dilaton equation S = 0, as it is explained in
Appendix 2. Comparing the result with the equation (A4.1) one finds values of xi in eq.
(53). The result of this calculation is in complete correspondence with the previous one,
based on eq. (55). The obtained values of xj are presented in the Table 3.
Table 3
x1 undetermined x7 0
x2 2 x8 −1/6
x3 −1 x9 1/2
x4 (2 · 6!)−1 x10 x1/144
x5 −2 x1/12 x11 0
x6 −1/2 x12 −1/24
Then we ensure, that graviton equation (A4.2) follows from the total lagrangian (51).
That provides a complete check of the result.
Terms containing x1 in (53) enter in the combination x1 (R − 112 M2)2 which is the
square of the constraint (A2.8) (remind that we are working in the zero order in fermionic
fields, remind also the difference between R and R fields). This constraint is satisfied
automatically on the mass-shell. That is the reason why x1 is undetermined. One can put
x1 equal to zero without any effect on equations of motion. There is another argument
to omit terms ∼ x1: one can cancel all such terms by the off-shell φ-field redefinition:
φ→ φ− x1 · α′ (R− 112M˜2).
Finally, (puting x1 =0) one can write the bosonic part of the gravity lagrangian (52)
in the form:
L(grav) = φ (R− 1
12
M˜2)+
+α′
[
2R2ab − R2abcd +
1
2 · 6!ε
abcdf1...f6 Rab
ijRcdijCf1...f6 −
1
2
Rab(M˜2)ab−
−1
6
M˜abc∇f∇fM˜abc + 1
2
M˜abc;d(M˜2)abcd − 1
24
(M˜2)abcd(M˜
2)acbd
]
+ spinors (56)
One can restore the ghost-free Gauss-Bonnet combination [29]: R2abcd − 4R2ab + R2,
adding the square of the constraint (A2.8) and the square of the graviton equation (A2.4)
to the lagrangian (56). It does not change equations of motion but makes the lagrangian
much more cumbersome. It is one of the reasons why attempts to supersymmetrize the
Gauss-Bonnet combination started in [13] were not succesful.
One can make by a standard procedure the dual transformation in the total lagrangian
(51), adding the term with the lagrangian multiplier Bmn:
∆L = 1
2
Bmn∂nM˜
mnp = −1
6
[Kmnp − 2α′(ΩG − ΩL)mnp] M˜mnp (57)
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After that, one can consider M˜abc as an independent variable. Solving the equation of
motion for M˜abc, one is able to reproduce the bosonic part of dual transformation (42)
with Kabc − 2α′Xabc instead of Habc in the l.h.s. of (42). Here Xmnp is a 3-form field
defined in (A1.13). The term 2α′Xabc describes the change of the CS-term in Kmnp to that
defined by torsion-full spin-connection. So, there is a complete correspondence between
(51) and dual transformation (42). Using (42) one can rewrite the lagrangian in terms of
Kabc-field, obtaining the lagrangian for standard formulation of supergravity. But in this
case the result can be presented as an infinite series in (α′)p, p ≥ 1.
Appendix 1
Notations
The 10-dimensional metric signature is: ηab = diag(1,−1, . . .− 1). The tangent-space
vector indices are from the beginning of the alphabet: a, b, . . .; the world indices are from
the middle of the alphabet: m,n, . . .. We use the 16-components spinors and spinorial
indices are α, β, . . .. Gamma-matrices are Γaαβ , (Γ
ab)α
β
, etc. The algebraic properties of
Γ-matrices are described in many papers. We use extensively relations from [9], [21]. The
superspace indices are M = (m,µ), N = (n, ν), . . . and A = (a, α), B = (b, β), . . ..
We use standard conventions: tr F ∧ F = dΩG, tr R ∧ R = dΩL, where symbol tr
means trace in the vectorial representation of the corresponding group, i.e. the O(1, 9)-
group for ΩL and SO(32) for ΩG. One must change tr → (1/30)Tr for the gauge-group
E8×E8, where Tr means trace in the adjoint representation. The same change is possible
also for SO(32). Usually we drop the ∧-sign in products of forms.
The Lorentz Chern-Symons term is defined by: ΩL = tr (ωdω+2ω
3/3), where ω is the
spin-connection 1-form, R = dω+ω2. The same expressions are used for the gauge-group
CS-term ΩG and the gauge-field F in terms of the 1-form potential A.
The following notations are used in (A2.1)-(A2.10) below and in the main text:
La = TabΓ
b, Zˆ = ZijkΓ
ijk
Y Z = YijkZ
ijk, (Y Z)ab = YaijZb
ij , (Y Z)abcd = YabjZcd
j,
Z3abc = ZaijZb
jkZck
i
where Y, Z are 3-rd rank antisymmetric tensors.
We present also relations between supercovariant and space-time covariant objects.
The gravitino field ψαb is defined with the help of the superspace veilbein (cf. [16] ):
EM
A| =
(
em
a ψαm
0 δαµ
)
, (A1.1)
The supercovariant derivative Da ≡ EaM DM is equal to:
Da = e
m
a Dm − ψβa Dβ , (A1.2)
where ψa = e
m
a ψm , the space-time component of the covariant derivative is:
Dmλ = ∂ λ− φm λ− [Am, λ], (A1.3)
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where (φm)
β
γ ≡ 14φmab(Γab)βγ is the spin-connection which is in the algebra of O(1.9).
We introduce also the usual tangent-space components of physical fields instead of
supercovariant quantities. (Note, that supercovariant components are equal to: Fab =
EMa E
N
b FMN , etc.). Namely:
Fab ≡ ema enb Fmn, ωcab ≡ emc ωmab , (A1.4)
M˜abc =
1
7!
εabc
a1...a7 (ea1
m1 . . . ea7
m7 Mm1...m7) , (A1.5)
where Mm1...m7 = 7 ∂[m1 Cm2...m7], and Cm1...m6 is the 6-form axionic potential.
One finds the relation by a standard procedure between the torsion-full spin-connection
in eq.(A1.3) and the usual spin-connection ωcab defined in terms of e
a
m:
φcab = ωcab(e) +
1
2
Tcab + Scab , (A1.6)
where:
Scab = ψa Γc ψb − 3
2
ψ[a Γc ψb] (A1.7)
We use also the notation ∇m for the covariant derivative with the spin-connection ω(0)m
(∇[mean] = 0), ∇a ≡ ema ∇m.
To be complete we present the connection between physical fields introduced before
and supercovariant fields (on the mass shell):
Fab = F ab + 2ψ[a Γb] λ (A1.8)
Tab = 2∇[a ψb] + 1
2
(Γcd)ψ[aCb]cd−
− 1
72
Tcde(Γ[aΓ
cde + 3ΓcdeΓ[a)ψb] (A1.9)
Tabc = M˜abc − 1
2
ψf Γ
f
abc
d
ψd (A1.10)
R− 1
3
T 2abc = R−
1
12
(M˜abc)
2 + spinorial terms. (A1.11)
Rmnab = Rmnab +∇[m Tn]ab − 1
2
T 2a[mn]b + spinorial terms (A1.12)
In deriving of (A1.10) relations (39), (A1.5) were used. R is defined in terms of
spin-connection φ, but R -in terms of ω(e)
It is instructive to present the relation between the CS-term Ω˜ = tr (φdφ+2φ3/3) and
usual CS-term, defined in terms of ωmab(e). One gets (in form notations):
Ω˜ = Ω +X + spinors, X =
1
12
T 3 + TR+
1
4
TdT +
1
4
d(ωT ) (A1.13)
where one-form field (Tm)a
b ≡ Tmacηcb is introduced.
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Appendix 2
Constraints and equations of motion
We present here equations of motion and constraints that follow from the mass-shell
solution of Bianchi Identities.
Gravitino equation of motion:
Qa ≡ φLa−Daχ− 1
36
ΓaTˆ χ− 1
24
TˆΓaχ+α
′
(
1
42
ΓaΓ
ijkDAijk +
1
7
ΓijkΓaDAijk
)
= 0, (A2.1)
Dilatino equation of motion:
Q ≡ Dˆχ + 1
9
Tˆ χ+
α′
3
ΓijkDAijk = 0. (A2.2)
Dilaton equation of motion:
S ≡ D2aφ+
1
18
φT 2 − α′
(
2 TA+
1
24
DΓijkDAijk
)
= 0. (A2.3)
Graviton equation of motion:
Sab ≡ φRab − L(aΓb)χ− 1
36
φηabT
2 +D(aDb)φ+
+α′
(
−2 T(aAb) + 3
28
DΓij(aDAb)ij − 5
336
ηabDΓ
ijkDAijk
)
= 0. (A2.4)
Axionic equations of motion and Bianchi Identities:
Sabcd ≡ D[a(φTbcd]) + 3
2
T[abΓcd]χ+
3
2
φT 2[abcd]+
+α′
(
1
12
(TǫA)abcd + 6 (TA)[abcd] +
3
4
DΓ[ab
jDAcd]j
)
= 0. (A2.5)
DaTabc = 0, (A2.6)
There are constraints:
TabΓ
ab = 0, (A2.7)
R− 1
3
T 2 = 0, (A2.8)
where R is a supercurvature scalar (R ≡ Rabcdηacηbd, T 2 ≡ TabcT abc). (There are
additional relations, which are not interesting for our purposes here, see [20] for details).
Note, that
ΓaQa = −Q , ηabSab = S
The components of the supercurvature are defined from (12), (13) in the form:
Rαβab = 5
6
TabcΓ
c
αβ +
1
36
Tijk (Γ
ijk
ab)αβ,
16
Rabc = 2 Ta[bΓc] − 3
2
L[aΓbc]
Furthemore:
R[abc]d = D[aTbc]d + T 2[abc]d, R[ab] = 0,
There are two equations for the superfield Aabc. The first one follows from the self-
consistency of equations of motion (cf. [19], [20]):
DΓ[a
ijDAb]ij + 56D
jAjab − 64
3
(TA)[ab] = 0. (A2.9)
The second one [20], [9] means, that 1200 IR contribution to the A-field spinorial derivative
is equal to zero:
(DαAabc)
(1200) = 0, (A2.10)
It follows from (A2.10):
DA = Γabc
ijXij (A2.10
′)
where Xαij is an arbitrary function which is 16+144+560 representation of O(1.9). It
follows also from (A2.10):
D[aAbcd] + 2 (TA)[abcd] +
1
360
(TǫA)abcd−
− 1
16 · 60DΓabcd
ijkDAijk +
1
16
DΓ[ab
iDAcd]i = 0, (A2.10
′′)
Appendix 3
Spinorial derivatives
We present here spinorial derivatives of fields entering into the Aabc-superfield in (33),
(34). All the results, written below, follow from (12), (13), and (for gauge fields)- from
(16), (17). The results for curvature tensor spinorial derivatives were checked by us
independently using the curvature tensor Bianchi Identity:
D[ARBC)DE + T[ABQR|Q|C)DE = 0 (A3.1)
Spinorial derivative of the curvature superfield is:
DRabij = 2D[aRb]ij + 1
36
Tmns ΓmnsΓ[aRb]ij+
+Rdij Tabd −
(
5
6
TijkΓ
k +
1
36
TmnpΓ
mnp
ij
)
Tab (A3.2)
where:
Rabc = 2Γ[b Tc]a + 3
2
Γ[ab Lc] (A3.3)
Spinorial derivatives of the torsion superfield are:
DTabc = 3Γ[aTbc] + 3Γ[ab Tc] (A3.4)
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Dα (Tab)
β = (Oˆab)
β
α (A3.5)
where:
Oˆab = − 1
36
Γ[aΓ
ijkDb] Tijk +
1
36 · 72 Γ[aΓ
mnpΓb]Γ
ijk TmnpTijk−
+
1
72
ΓmΓijkTabmTijk − 1
4
RabijΓij (A3.6)
Spinorial derivatives of matter fields are:
Dαλ
β =
1
4
Fab(Γab)αβ (A3.7)
and:
DFab = 2Γ[aDb] λ− Tabc Γc λ− 1
36
T ijkΓijkΓab λ (A3.8)
Appendix 4
Dilaton and graviton equations of motion
We present here in explicit form the dilaton equation and bosonic contribution to the
graviton equation of motion as they follow from (A2.3) and (A2.4). The dilaton equation:
D2φ+
1
18
φ T 2 − 1
3
α′ trF2ab − α′
[
−2
3
(Rab)2 + 1
3
(Rabcd)2 + 1
3
RabT 2ab−
−1
3
RabcdT 2abcd +
1
9
T abcD2Tabc − 1
6
D2T 2 +
1
3
DaDbT 2ab+
+
4
3
LaDˆLa +
8
3
T abDaLb + T
abc
(
−4
3
LaΓbLc +
5
54
LdΓabcLd−
−1
9
LdΓabTcd − 1
54
T dfΓabcTdf +
7
3
TabLc +
2
3
T daΓbTcd
)]
= 0 (A4.1)
The graviton equation:
φRab +D(aDb)φ− 1
36
ηab φT
2 − α′ tr
(
2FajFbj − 1
6
ηabFijF ij
)
−
−α′
[
−4RacRbc + 2RijkaRijkb − 2D2Rab−
−1
6
DaTijkDbT
ijk +DiTjk(a
(
Db)T
ijk − 1
2
DiTb)
jk −DkTb)ij
)
+
+T 2ijk(a
(
2Db)T
ijk − 4DiTb)jk − 2DkTb)ij
)
+ 4 Ta
ijTb
klT 2ikjl−
−2 T 2aib
j
T 2ij + ηab
(
1
3
(Rij)2 − 1
6
(Rijkl)2 − 1
6
RijT 2ij + 1
6
RijklT 2ijkl−
− 1
18
T ijkD2Tijk − 1
6
DiDjT 2ij +
1
12
D2T 2
)]
+ fermions = 0 (A4.2)
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Appendix 5
Supersymmetry transformations
Supersymmetry transformations for any physical field follow immediately from the
super-gauge transformation for the corresponding superfield [16]. We get for gauge matter
multiplet:
δQ(ǫ) λ =
1
4
Fab Γab ǫ
δQ(ǫ)Am = −λΓm ǫ, (A5.1)
where ǫα is a parameter, Γm ≡ eam Γa .
For gravity multiplet :
δQ(ǫ)em
a = −ψmΓaǫ ,
δQ(ǫ)ψm = −Dmǫ− 1
72
ΓmTˆ ǫ ,
δQ(ǫ)φ = χ ǫ ,
δQ(ǫ)χ =
1
2
∂mφΓ
m − 1
2
(ψm χ) (Γ
mǫ)− ( 1
36
φTˆ − α′Aˆ) ǫ ,
δQ(ǫ)Cm1...m6 = 6ψ[m1Γm2...m6] ǫ (A5.2)
It is the advantage of our parametrization, that matter degrees of freedom as well as
superstring ∼ α′ corrections ”penetrate” the gravity multiplet supersymmetry transfor-
mations only due to the Aabc-contribution.
The supersymmetry algebra for physical fields is closed up to equations of motion and
gauge transformations. Namely:
[δQ(ǫ2), δQ(ǫ1)]X = (δGCT (ξ
m) + δQ(ǫ
′) + δL(Lab)+
+δG(ΩYM) + δA(fn1...n5)) X + (equations of motion), (A5.3)
where X is any field from gravity or matter multiplet, δGCT is a general coordinate trans-
formation, δL is a Lorentz transformation, δG is a matter gauge-field transformation, δA
is an axion-field gauge transformation.
The transformation parameters are:
ξm = ǫ1 Γ
m ǫ2 .
ΩYM = −ξmAm .
Ωm1,...,m5 = −ξn Cm1,...,m5,n
Lab = −ξn φnab + 5
12
ξc Tabc +
1
36
ǫ1 Γab
ijk ǫ2 Tijk.
ǫ′ = ξn ψn
Eq. (A5.3) takes place for any Aabc-field, not specifically for that, defined by eq.(32).
Only the representation (A2.10’) for the Aabc-superfield spinorial derivative is necessary
for the derivation of (A5.3) .
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